We investigate the energy band structure of the superfluid flow of ultracold dilute Fermi gases in a one-dimensional optical lattice along the BCS to BEC crossover within a mean-field approach. In each side of the crossover region, a loop structure (swallowtail) appears in the Bloch energy band of the superfluid above a critical value of the interaction strength. The width of the swallowtail is largest near unitarity. Across the critical value of the interaction strength, the profiles of density and pairing field change more drastically in the BCS side than in the BEC side. It is found that along with the appearance of the swallowtail, there exists a narrow band in the quasiparticle energy spectrum close to the chemical potential and the incompressibility of the Fermi gas consequently experiences a profound dip in the BCS side, unlike in the BEC side.
Ultracold atoms in optical lattices attract much interest because the controllability of both the lattice geometry and the interatomic interaction is such that they serve as testing beds for various models [1] . For Bose-Einstein condensates (BECs), it has been pointed out that the interaction can change the Bloch band structure drastically, causing the appearance of a loop structure called "swallowtail" in the energy dispersion [2, 3] . This is due to the competition between the external periodic potential and the nonlinear mean-field interaction: the former favors a sinusoidal band structure, while the latter tends to make the density smoother and the energy dispersion quadratic. When the nonlinearity wins, the effect of the external potential is screened and a swallowtail energy loop appears [4] . This nonlinear effect requires the existence of an order parameter and, consequently, the emergence of swallowtails can be viewed as a peculiar manifestation of superfluidity in periodic potentials.
The problem of swallowtails can be even more important in Fermi superfluids due to the possible wide implications for various systems in condensed matter physics and nuclear physics. Indeed, extensive recent research activities are devoted to the simulation of solid states using cold Fermi gases and the behavior of cold fermions in optical lattices can lead to interesting analogies with superconductors and superconductor superlattices. In addition, our work may have implications also for superfluid neutrons in neutron stars, especially those in "pasta" phases (see, e.g., Ref. [5] and references therein) in neutron star crusts [6] , where nuclei form a crystalline lattice in which superfluid neutrons can flow. However, unlike the Bose case [2] [3] [4] [7] [8] [9] , little has been studied in this problem so far and a fundamental question of whether or not swallowtails exist along the crossover from the Bardeen-Cooper-Schrieffer (BCS) to BEC states is still open. In this context, our work is aimed at showing the existence and the conditions for emergence of swallowtails in Fermi superfluids and presenting the unique features which make them different from those in bosons.
We consider a two-component unpolarized dilute Fermi gas made of atoms of mass m interacting with s-wave scattering length a s and subject to a one-dimensional (1D) optical lattice of the form
Here, V 0 ≡ sE R is the lattice height, s is the lattice intensity in dimensionless units, E R = 2 q 2 B /2m is the recoil energy, q B = π/d is the Bragg wave vector and d is the lattice constant. We compute the energy band structure of the system by solving the Bogoliubovde Gennes (BdG) equations [10] :
where
and v i (r) are quasiparticle wavefunctions, and ǫ i is the corresponding quasiparticle energy. The chemical potential µ is determined from the constraint on the particle number N = 2 i |v i (r)| 2 dr and the pairing field ∆(r) should satisfy a self-consistency condition ∆(r) = −g i u i (r)v * i (r), where g is the coupling constant for the s-wave contact interaction which needs to be renormalized. In the presence of a supercurrent with wavevector Q = P/ (|P | ≤ P edge ≡ q B /2) moving in the z-direction [11] , one can write the quasiparticle wavefunctions in the Bloch form as u i (r) =ũ i (z)e iQz e ik·r and v i (r) =ṽ i (z)e −iQz e ik·r leading to the pairing field as ∆(r) = e wherẽ
y and the label i represents the wave vector k as well as the band index.
In the following, we mainly present the result for s = V 0 /E R = 0.1 and E F /E R = 2.5 as an example, where
are the Fermi energy and momentum of a uniform free Fermi gas of density n 0 . These values fall in the range of parameters of feasible experiments [12] .
We first compute the energy per particle in the lowest Bloch band as a function of the quasimomentum P for various values of 1/k F a s . The results in Fig. 1(a) show that the swallowtails appear above a critical value of 1/k F a s where the interaction energy is strong enough to dominate the lattice potential. In Fig. 1(b) , the halfwidth of the swallowtails from the BCS to the BEC side is shown. It reaches a maximum near unitarity (1/k F a s = 0). In the far BCS and BEC limits, the width vanishes because the system is very weakly interacting and the band structure tends to be sinusoidal. When approaching unitarity from either side, the interaction energy increases and can dominate over the periodic potential, which means that the system behaves more like a translationally invariant superfluid and the band structure follows a quadratic dispersion terminating at a maximum P larger than P edge . In the BEC side, we compare the results of our BdG calculations with those of the GrossPitaveskii (GP) equation for bosons of mass m b = 2m interacting with scattering length a b = 2a s [13] in an optical lattice 2V ext (z):
, where Φ(r) is a single macroscopic wavefunction describing the BEC. As it should be, the difference between the two curves becomes vanishingly small in the deep BEC regime. With our set of parameters (s = 0.1 and E F /E R = 2.5), the width of the swallowtail predicted by the GP equation vanishes at 1/k F a s ≃ 10.6.
Whether the swallowtail appears or not depends on three parameters: the interaction parameter 1/k F a s , the lattice intensity s, and the ratio between the Fermi energy and the recoil energy E F /E R . In Fig. 2 , we fix s = 0.1 and show the parameter region (E F /E R , 1/k F a s ) where we find swallowtails in the BCS side of the crossover (1/k F a s < 0) [14] . We see that for weaker interaction (i.e., larger values of 1/k F |a s |) higher densities (larger values of E F ) are required to create swallowtails, as expected. The s-dependence of critical values of 1/k F a s in the BCS side is much weaker than the 1/s scaling behavior in the BEC side. In the BCS side, as far as we have checked in 0.1 ≤ s ≤ 0.5, the critical value of 1/k F a s changes within 30% at E F /E R = 5 and the change gets smaller with increasing E F /E R . This weak dependence of the swallowtail region on s in the BCS side is due to the Fermi statistics: Provided E F /V 0 = (E F /E R )/s is sufficiently larger than unity, the flow of the BCS condensate formed from fermions near the Fermi surface is not very sensitive to the presence of the lattice potential, while the flow of the BEC formed from bosonic dimers all at the bottom of the energy levels is more sensitive to it.
Both the pairing field and the density exhibit interesting features in the range of parameters where the swallowtails appear. This is particularly evident at the Brillouin zone boundary, P = P edge . In Fig. 3 , we show the magnitude of the pairing field |∆(z)| and the density n(z) calculated at the minimum (z = 0) and at the maximum (z = ±d/2) of the lattice potential. In general, n(z) and |∆(z)| take maximum (minimum) values where the external potential takes its minimum (maximum) values (for the full profiles, see Supplemental Material [15] ). until the swallowtail appears at 1/k F a s ≈ −0.62. Then it increases abruptly to values comparable to |∆(0)|, which means that the pairing field becomes almost uniform at P = P edge in the presence of swallowtails. As regards the density, we find that the amplitude of the density variation, n(0) − n(d/2), exhibits a pronounced maximum near the critical value of 1/k F a s . In contrast, in the BEC side, the order parameter and the density are smooth monotonic functions of the interaction strength even in the region where the swallowtail appears. At P = P edge , the solution of the GP equation for bosonic dimers gives the densities n b (0) = n b0 (1 + V 0 /2n b0 U 0 ) and
, where n b0 is the average density of bosons and U 0 = 4π 2 a b /m b [2, 16, 17] . Near the critical value of 1/k F a s , unlike the BCS side, the nonuniformity just decreases all the way even after the swallowtail appears. The local density at z = d/2 is zero until the swallowtail appears in the BEC side while it is nonzero in the BCS side irrespective of the existence of the swallowtail. The qualitative behavior of |∆(z)| around the critical point of 1/k F a s is similar to that of n b (z) because n b (r) = (m 2 a s /8π)|∆(r)| 2 [18] in the BEC limit.
The quasiparticle energy spectrum plays an important role in determining the properties of the Fermi gas. Here we show that the emergence of swallowtails in the BCS side and for E F /E R 1 is associated with peculiar structures of the quasiparticle energy spectrum around the chemical potential. In the presence of a superflow moving in the z direction with wavevector Q, the quasiparticle energies are given by the eigenvalues in Eq. (2) . Since the potential is shallow (s ≪ 1), some qualitative results can be obtained even ignoring V ext (z) except for its periodicity. With this assumption we obtain 0 is the incompressibility of the homogeneous free Fermi gas of the same average density. In both panels, we have used the values s = 0.1 and EF/ER = 2.5.
with l being integers for the band index. If Q = 0, the l = 0 band has the energy spectrum
which has a local maximum at k z = k ⊥ = 0. When Q = P edge / , the spectrum is tilted and the local maximum moves to k z ≃ q B /2 provided |∆| ≪ E F (and E F /E R 1). In the absence of the swallowtail, the full BdG calculation indeed gives a local maximum at k z = q B /2 [see Fig. 4(a) , where the green dashed line in the region −1 < k z /q B < −0.5 and the red solid line in the region −0.5 < k z /q B < 1 correspond to the l = 0 band] and the quasiparticle spectrum is symmetric about this point, which reflects that the current is zero. As E F /E R increases, the band becomes flatter as a function of k z and narrower in energy.
In Fig. 4(a) , we show the quasiparticle energy spectrum at k ⊥ = 0 for P = P edge . When the swallowtail is on the edge of appearing, the top of the narrow band just touches the chemical potential µ [see the dotted ellipse in Fig. 4(a) ]. Suppose 1/k F a s is slightly larger than the critical value, so that the top of the band is slightly above µ. In this situation a small change of the quasimomentum P causes a change of µ. In fact, when P is increased from P = P edge to larger values, the band is tilted and the top of the band moves upwards; the chemical potential µ should also increase to compensate for the loss of states available. This implies ∂µ/∂P > 0. (See also Supplemental Material [15] .) On the other hand, since the system is periodic, the existence of a branch of stationary states with ∂µ/∂P > 0 at P = P edge implies the existence of another symmetric branch with ∂µ/∂P < 0 at the same point, thus suggesting the occurrence of a swallowtail structure.
A direct consequence of the existence of a narrow band in the quasiparticle spectrum near the chemical potential is a strong reduction of the incompressibility κ −1 = n∂µ(n)/∂n close to the critical value of 1/k F a s in the region where swallowtails exist in the BCS side [see Fig. 4(b) ]. The dip of κ −1 occurs in the situation where the top of the narrow band is just above µ for P = P edge (1/k F a s is slightly above the critical value). An increase of the density n has little effect on µ in this case, because the density of states is large in this range of energy and the new particles can easily adjust themselves near the top of the band by a small increase of µ. This implies that ∂µ(n)/∂n is small and the incompressibility has a pronounced dip [19] . It is worth noting that in the BEC side the appearance of the swallowtail is not associated with any significant change of incompressibility. In fact, the exact solution of the GP equation gives κ −1 = n b0 U 0 near the critical conditions for the occurrence of swallowtails, being a smooth and monotonic function of the interaction strength.
Swallowtails may produce observable effects in the behavior of Bloch oscillations [3, 20] . Since Bloch oscillations have various important applications, such as precision measurements of forces [21] and controlling the motion of a wave packet [22, 23] , a better understanding of swallowtails in bosonic and fermionic gases is certainly useful in these contexts. One may also exploit the tunability of the interaction and the peculiar dynamics of the superfluid in the lattice for different applications. For instance, by periodically sweeping a magnetic field across the critical region for the appearance of swallowtails, one can produce a time modulation of the shape of the lowest energy band between a sinusoidal form and a quadraticlike form. Since the absolute value of the group velocity ∂ P [E(P )/N ] of the latter is always larger than that of the former [see Fig. 1(a) ], one could realize a directed motion of the gas by synchronizing the period of this modulation with the period of the Bloch oscillations (see also Supplemental Material [15] ). This may be experimentally more accessible in the BCS side than in the BEC side because the critical value of 1/k F |a s | is of order 1 for a wide range of s and E F /E R . This new method would complement other proposals for realizing directed motion of atomic wave packets in 1D optical lattices [23, 24] .
In summary, we have predicted the existence of swallowtails in the energy band of superfluid fermions in a lattice and have pointed out some key features which make these swallowtails different from those in a BEC. The results are obtained within a range of parameters compatible with current experiments [12] . We hope our predictions stimulate experiments aimed to observe swallowtails with Fermi gases.
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Behavior of the Bloch Band near the value of the chemical potential with the change of the quasimomentum
In Fig. 4(a) of the paper, the lowest three Bloch bands of the quasiparticle energy spectrum for P = P edge at k ⊥ = 0 and 1/k F a s = −0.62 are given. To visualize the behavior of the second band (the red solid line in that figure) near the value of the chemical potential with the change of the quasimomentum P , we show the cases of P/P edge = 0 (black dotted), 0.5 (green dashed), and 1 (red solid) in the following Fig. 6 . Notice that the sharp minima in the curves for P/P edge = 0 and −0.5 are due to avoided crossings with other bands. Application of the swallowtail band structure to a Directed motion
In Fig. 7 , we show a schematic diagram for our proposal of the directed motion of an atomic wave packet. The basic idea is making use of the difference in the group velocity v G between the quadratic-like band with a swallowtail and the sinusoidal-like band. By modulating 1/k F a s in . The green (blue) dashed line shows the group velocity along the time when 1/kFas is set to the value for a quadratic (sinusoidal) band structure as depicted in Fig.  1(a) of the paper. When 1/kFas is switched between the two values in a proper way, the group velocity of a wave packet will follow the black solid line. In real situation, the black line around t = T mod /2 is a smooth curve rather than a sharp drop due to a continuous variation of 1/kFas connecting the two values.
such a way that the dispersion is quadratic when v G is positive and sinusoidal when v G is negative, the net displacement over one period of modulation of 1/k F a s is positive and a directed motion can be produced.
